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A conditionally convergent series of the natural logarithm is derived for its entire domain.

The natural logarithm is the unknown integral of a hyperbola.

y=1n(z); %ln(x)zé; x>0 (1)

Derivatives of higher order follow accordingly.

G (G
(@) = (—1) (2)

Natural logarithm and exponential function are inverse.

In(e®) =2z (3)

Logarithms of another base than e are multiples of the natural logarithm.

The logarithm is approximated by a polynomial.

0<i<n

flx) = Z a; * x' (5)

The polynomial is to equate a point of the logarithm and a number of derivatives at that point.

sy =T =y, O gy U

i>0  (6)

Each condition is scaled by a weight w;. A sum of all weighted conditions is determined.

(j—1)!
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1<j<n . 1<j<n
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wo * f(U) + E w; * (Ji;(j):wo*Y—F E w; * (—1)77 1«
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Suppose the weighted sum equals the polynomial.

1<j<n

f@) =wox fU) + Y wyx & f(U)

dxJ

The derivatives of the polynomial are determined at the base point.

f(x):a0+a1*x—i—ag*x2+a3*w3+a4*x4+a5*x5+...

af (U
%:al+2*a2*U+3*a3*U2+4*a4*U3+5*a5*U4+...
df (U

(L(Q):2*a2+6*a3*U+12*a4*U2+20*a5*U3+m
a3fU

C{m(s):6*a3+24*a4*U+60*a5*U2+'“

The descending faculty is defined in order to express derivatives generally.

(ajb) = @)

A derivative of the polynomial is defined generally.

j<i<n

@IU) > aix (i)« U

dai

(14)

(15)

The weights are determined by a system of linear equations according to a comparison by the

coefficients a;.

1 0 0 0 wo 1
U 1 0 0 wq T
U? 2xU 2 0 o |wa| — |22

*U 6 ws3 a3

U3 3xU? 6

The base matrix is triangular such that the solution is available explicitly.

’LU():l

wlzx—U*wo

wgzl*(xQ—UQ*wo—Q*U*wl)

2
1
w3:6*($37U3*w073*U2*w176*U*U}2)
1 0<k<m
Wi = ¥ (xm Z (mik)*Umk*wk>

(16)
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The weights are noted explicitly.

’LU():l

w=x—U

1 1
11)2:5*(1'2—[]2—2*[]*(33—(])):a*(af—U)Q

1 3i2 1
w3:3'*(x3—U3—3*U2*(m—U)—(21')*U*(x—U)2>:?)'*(x—U)?’

1 0Sk<m !
— m m—k kY _ m
wm—m!*<x — Z <k>*U *(x—U)>—m!>k(x—U)

The value of the weights is substituted into the polynomial.

1<j<n

@)= fO)+ Y @ UP

The derivatives of the logarithm are noted explicitly.

el Ly, G !
flx)=Y + Z il ¥ (x—U) *(—1)7 1« e
A series is determined.
1<j<n ;
_ IR ol )
f@) =Y+ > (-1) 7'« P
D’Alembert’s convergence test of 1/2 is applied.
U |0y | - vy
2 jx U7 (j+1)*Uitt
i+ 1
‘j—i_— *U’ > 2% |z — Ul
|U| > 2% |z — U]
The series converges conditionally.
1<j<n (1‘ . U)j

In(z)=Y+ Y (~1)"'« : U>0; U>2x|z—U|l; Y =)

j*UI

Base points may be determined by the exponential function.

1<j<3 » (10_ eg)j

e? > 210 — &?[; a0 =2+ > (—1)]_1*Wz2.305630
1<5<3 AV

e' > 250 —e'|; fBO) =4+ > (—1)1'—1*%%3.912036
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